PACS. 42.25Bs -Wave propagation, transmission and absorption. PACS. 82.70Dd -Colloids.
Introduction. -During the last few years the powerful technique for the analysis of multiple light scattering in random media, the so-called diffusing wave spectroscopy (DWS) [1] , [2] , was extended to cover situations of large-scale heterogeneous random media [3] - [6] . In this case the temporal correlation function C (1) (R, τ) = E(R, t) E * (R, t + τ) of multiply scattered light measured at different positions R at the sample surface provides information about hidden heterogeneous regions (inclusions) inside the sample and allows one to visualise or "image" them.
It is obvious, however, that the inclusion embedded inside the sample affects not only the temporal correlation of the scattered light but also its spatial (or, equivalently, angular) correlation properties. Hence it appears that if one measures, for instance, the cross-correlation of the electric field E(k b , t) in the wave scattered with the wave vector k b and the electric field E(k b , t + τ) in the wave scattered with the wave vector k b , one could obtain more information about the hidden object than if the purely temporal correlation function is measured.
In this paper we present diagrammatic calculation of the above-mentioned angular-temporal correlation function and show that its properties are directly controlled by the hidden object position and size. Particular cases of transmission and backscattering geometries are considered.
Angular-temporal correlation in transmission. -Consider the geometry of a slab of width L and area A = W 2 situated between the planes z = 0 and z = L. The slab is filled with a random multiply scattering medium characterised by the photon transport mean free path * . Let the k a = (q a , k a ) be the wave vector of a plane wave incident upon the slab surface ( * ) E-mail: skipetr@fort.phys.msu.su at z = 0 and k b = (q b , k b ) the wave vector of a plane wave emerging from the slab at z = L. Here q a , q b denote the projections of k a , k b vectors on the planes z = 0 and z = L, respectively, and k a , k b are projections of k a , k b onto the direction of the z-axis. Obviously, q
with k = 2π/λ being the wave number of light and λ being the wavelength of light in the medium. We define the intensity transmission coefficient T ab as the ratio of intensities between the outgoing channel b and the incoming channel a. Such a definition differs from the standard definition of T ab as the ratio of corresponding fluxes [7] .
To derive the analytical expression for the electric-field angular-temporal correlation function
consider the Bethe-Salpeter equation for the real-space field correlation function C real = E(R a , R b , t) E * (R a , R b , t ) [7] . This equation can be obtained directly from the wave equation for E(R a , R b , t) [8] . For a weakly disordered system (k * 1) the leading approximation C (1) real to the solution of the Bethe-Salpeter equation is provided by the sum of the ladder diagrams [9] . Inasmuch as
by definition, the sought for main contribution to the angular-temporal correlation function results from the proper Fourier transform of the expression for C
real :
where R 1,2 = {r 1,2 , z} with r 1,2 being the vectors in the plane perpendicular to the z-axis, P is the reduced ladder propagator [11] , ∆q a = q a − q a , ∆q b = q b − q b , τ = t − t and we assume that the first scattering event takes place at z = * and that the scattered light leaves the sample at z = L − * . For a random medium with purely Brownian motion of scatterers the calculation of the ladder propagator was many times discussed [9] , [10] and in diffusion approximation leads to the following equation of diffusion type:
where δ is the Dirac delta-function, α 2 (τ ) = 3τ/(2τ 0 * 2 ) and τ 0 is related to the particle diffusion coefficient
Light absorption is neglected here for the sake of simplicity. We assume that P (R 1 , R 2 , τ) for τ = 0 satisfies the same boundary conditions as for τ = 0 [11] : P (R 1 , R 2 , τ) = 0 for an open boundary (i.e. at the z = 0 and z = L surfaces) and (n·∇) P (R 1 , R 2 , τ) = 0 for a reflecting boundary with n being a unit vector perpendicular to the boundary.
If the transversal dimension W of the slab is large enough, i.e. if W L, we approximate the ladder propagator for the sample of finite size by using the ladder propagator for a slab of infinite width W → ∞. For macroscopically homogeneous sample the solution of eq. (3) in the limit of W → ∞ gives
where the subscript "0" of P 0 denotes the homogeneous case, (2), one obtains the following expression for the angular-temporal correlation function in a macroscopically homogeneous medium:
where δ is the Kronecker symbol,
1/2 and, again, the subscript "0" denotes the homogeneous case. It follows from this result that the waves scattered in different directions such that ∆q b = ∆q a in the macroscopically homogeneous case are not correlated. For τ τ 0 eq. (5) reduces to the angular correlation function derived in ref. [11] , [12] , while for ∆q a = ∆q b = 0 it reduces to the temporal correlation function discussed in ref. [1] , [2] . For ∆q a = ∆q b = 0, τ = 0, we find T ab = 3π * /(k 2 AL). Whereas this expression coincides with the results of some authors [11] , [13] , it differs by a constant factor of order unity from results obtained by the others [7] . This should be kept in mind throughout the following: all the further analytical results have to be understood as quantatively approximate.
Suppose now that a purely dynamic cylindrical inclusion ( 1 ) of radius a * confined between the planes z = z 1 and z = z 2 is embedded inside an otherwise macroscopically homogeneous slab (see fig. 1 ). The medium inside this inclusion is characterised by exactly the same photon transport mean free path * as in the surrounding medium, but the particle diffusion coefficient D B inside the region of inclusion differs from that outside the region. To take this large-scale heterogeneity into account we introduce the spatial dependence of α 2 (τ ) in eq. (3):
( 1 ) The cylindrical shape of the inclusion allows for the analytical derivation of the expression for the correlation function. We imply that any other object of similar size would produce a perturbation of the correlation function similar to that caused by the cylindrical inclusion.
where α
−1 ) and the superscripts "in" and "out" refer to the media inside and outside the inclusion, respectively.
If
0 (τ ), we search for the approximate solution P (R 1 , R 2 , τ) of eq. (3) as a sum of P 0 (R 1 , R 2 , τ) that is the solution for homogeneous medium given by eq. (4) and P 1 (R 1 , R 2 , τ) that describes the influence of dynamic heterogeneity and satisfies eq. (3) with α 2 1 (τ ) P 0 (R 1 , R 2 , τ) instead of −3/ * 3 δ(R 1 − R 2 ) on the right-hand side. For P 1 one obtains
where integration has to be performed throughout the volume of dynamic heterogeneity. Substituting eq. (4) to eq. (7), after a long but straightforward calculation, we arrive at the following expression for P 1 :
with the form factor
where J 1 is the Bessel function of first order,
Substitution of the reduced ladder propagator P = P 0 +P 1 , with P 0 , P 1 given by eqs. (4), (8), to eq. (2) allows for writing C
(1) as a sum of C 
1 that describes the influence of dynamic heterogeneity on the angular-temporal correlation function:
In contrast to the case of the macroscopically homogeneous sample (see eq. (5)), the waves scattered in different directions at different times (τ = 0) become correlated in the presence of dynamic heterogeneity even if ∆q b = ∆q a . The angular range of this correlation increases as a −1 with decrease of the inclusion transversal size a, although it also depends on the depth z 0 of the inclusion position and the width 2∆ of the inclusion, as follows from eqs. (9) and (10) .
Angular-temporal correlation in reflection. -An analysis similar to that presented in the previous section can be performed for backscattering geometry when the scattered and incident beams are on the same side of the sample. Ignoring the role of time-reversal symmetry, one gets
where
this result reduces to the expression for the angular correlation function derived in ref. [14] , while for ∆q a = ∆q b = 0 it reduces to the temporal correlation function [1] , [2] 
The first-order correction to angular-temporal correlation function, C
1 , is found to have the following form:
where, again, J 1 is the Bessel function of first order,
1/2 , ∆ = (z 2 − z 1 )/2 and z 0 = (z 1 + z 2 )/2. In the limit L → ∞ (semi-infinite medium) eq. (13) simplifies:
Equation (12) can be applied only when the time-reversal symmetry has no significant effect on the correlation function. This implies that the differences k a − k b , k a − k b , k a − k b and k a − k b are large enough to ensure the break of time-reversal symmetry. While the form factor F R in reflection geometry differs from that for transmission, the angular range of correlation introduced by the dynamically heterogeneous region is also proportional to a −1 .
Case of a single incident wave. -Consider the case of a single incident plane wave (∆q a = 0) which is of primary importance because of the ease of its experimental realisation. In this case, as is seen from eqs. (5), (11) , the waves emerging from the macroscopically homogeneous sample in different directions k b = k b are absolutely uncorrelated. This is not the case, however, for the macroscopically heterogeneous sample, because the C (1) 1 term appears. The intensity correlation function, that can be measured experimentally without particular effort, factorises within the accuracy of our analysis:
term is much larger than C
(1) 1
and we have C 
1 . This result describes the effect of dynamic heterogeneity on the temporal correlation function that was already exploited in ref. [3] - [6] in order to image the hidden dynamic inclusion. If ∆q b = 0, the C = 0 for τ = 0, the waves scattered in different directions at the same time t are uncorrelated just as in the case of no heterogeneity, while the waves scattered in different directions at different moments of time t and t + τ become correlated. This conclusion is in qualitative agreement with results of ref. [13] where the use of C (1) for location of a single static scatterer inside a random medium is discussed. In fig. 2 C
1 normalised by its values for ∆q b = 0 is presented for some particular values of the parameters. As is seen from this figure, the angular correlation range can be estimated as a −1 . This phenomenon can be easily explained by invoking the terminology used for diffuse photon density waves (DPDW) [15] . The DPDW inside the sample can be represented as a sum of two distinct terms. The first term is the DPDW that propagates without scattering from the dynamic heterogeneity and gives the C (1) 0 contribution to the C (1) correlation function. The second term is the DPDW scattered from dynamic heterogeneity. This DPDW is much less in amplitude than the first one and gives the C contribution to the C (1) correlation function. As is well known from the basics of scattering theory [8] , the waves scattered along different directions from the same heterogeneity are correlated. This fact gives origin to the considered correlation of light waves emerging from the slab in different directions.
Conclusion. -In this letter we have calculated the angular-temporal correlation functions of light multiply scattered from a slab of a random medium in which a single dynamic heterogeneity of cylindrical shape is embedded. The measurements of the angular-temporal correlation of the transmitted or backscattered light are predicted to provide additional information about the hidden dynamic heterogeneity compared to the measurements of the purely temporal correlation discussed in ref. [3] - [6] . In particular, for an inclusion of transversal size 2a we predict the appearance of an angular-temporal correlation with an angular range of a −1 which only exists, however, for τ = 0.
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